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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The reliability of the statistical assessment of test results is strong influenced by the reduced data size emanating from 
the low number of specimens included in each of the groups, characterized by test type, specimen geometry and size 
implied in the material sample being tested. Due to the traditional economical and time limitations, the available 
experimental results owned by a research group lack of parameter diversity so that they must be complemented by 
foreign results reported elsewhere in order to verify a model, a methodology or reinforced probabilistic conclusions. 
Generally, difficulties arise in assessing the parameters involved in the phenomenon due to the diversity of samples 
and test conditions supported by few data results. In this paper, a methodology based on a generalized local model, 
denoted GLM, is proposed to overcome this limitation allowing a joint evaluation diversified tests as those resulting 
from different loading conditions and specimen shape and size.  It implies the primary failure cumulative distribution 
function, PFCDF, as the failure characteristic of the material to be derived from experimental results obtained from 
distinct test programs. In this work, the local methodology is applied for probabilistic assessment of cleavage fracture 
toughness data of steel A533B lent from an external experimental program carried out by Rathbun et al. (2006), aiming 
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Nomenclature 
GLM Generalized Local Model 
GP Generalized parameter 
PFCDF Primary failure cumulative distribution function 
Pfail Global probability of failure 
KIC Fracture toughness 
Kmin Minimum value of stress intensity factor that could produce failure 
KOB Value of KIC for 63% Pfail 
Keq Equivalent stress intensity factor 
𝜆𝜆 Location Weibull parameter 
𝛿𝛿 Scale Weibull parameter 
𝛽𝛽 𝑜𝑜𝑜𝑜 𝑚𝑚 Shape Weibull parameter 
Bref Referenced specimen thickness 
W Specimen width 
a Crack length  
 
1. Introduction and motivation 
In order to check validity of failure models related to fracture and fatigue, experimental programs are needed, 
comprising a wide variation of parameter values. Due to the customary economical limitations, test programs are 
usually arranged as different specimen samples encompassing limited test number of similar characteristics in which 
preferably as less as possible diversification of parameters (loading conditions, specimen shape and size) is undertaken. 
As a consequence, the reliability of the statistical evaluation is influenced by the few data results emerging from the 
low number of specimens being tested for the different samples. Generally, the own experimental program of a 
research group can, or eventually needs, to be complemented with the experimental results reported elsewhere in the 
literature, the difficulty encountered being the assessment of the failure phenomenon studied on the basis of a diversity 
of samples, therefore of parameters, related to different test conditions, supported by few data results.  
 
These limitations can be overcome, using the generalized local model, denoted GLM, proposed by Muniz-Calvente 
et al. (2016), which allows a joint evaluation of the results from different experimental programs as a whole.   
The methodology consists in the following steps: First, the reference parameter is identified. Second, the cdfs are 
found for any of the samples implied in the test program, and their homogeneity checked. Third, once the parameter 
estimation is satisfactory achieved for any of the different samples, the joint failure cdf is performed by pooling all 
test results, independently of the sample origin, by applying an iterative process that allows the failure probability for 
any of the test class to be obtained by taken into account the reference parameter and specimen shape and size.  
 
As a result, the probability of failure for any of the samples tested can be predicted from the joint PFCDF, leading to 
a significant improvement of the reliability in the parameter estimation due to the results implied in the assessment. 
The applicability of the approach proposed is demonstrated in a previous work (Muniz-Calvente et al (2016)) by 
simulation of an experimental program using the Montecarlo technique.  
 
In this work, the local methodology is applied for probabilistic assessment of cleavage fracture toughness data of 
steel A533B lent from an external experimental program carried out by Rathbun et al. (2006), aiming at analyzing the 
constraint influence on the cleavage fracture once the scale effect is recognized. 
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2. Specimen thickness effect 
It is well know that test specimen thickness (TST) has an detrimental effect on the cleavage fracture toughness 
(Petti (2004), Meshii(2013)), even if standardized test specimens are used. This effect is due to two main reasons: a) 
the size effect grounded statistically by the weakest link principle and b) the loss of crack-tip constraint due to increase 
of stress triaxiality (Wallin (1985)). Both phenomena have concomitant effects on the cleavage fracture toughness 
being difficult to discern about their uncoupled influence. 
 
When studying the TST effect on cleavage fracture toughness, Wallin (1985), based on the weakest link principle 
proposes the following Weibull model: 
m
OB
IC
fail KK
KKP
i










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


min
minexp1     (1) 
where KIC is the evaluated cleavage fracture, Kmin is the Weibull location parameter (usually denoted  ), i.e. the 
minimum value of the stress intensity factor capable to produce failure, KOB is the Weibull scale parameter or the 
thickness normalization factor related to the 63% probability of failure (usually denoted  ); and m is the Weibull 
shape parameter (usually denoted  ). This model is usually simplified by assuming m=4 and Kmin=20 Mpa, although 
it implies prescribing two of the three Weibull model parameters to be fitted from the experimental data. This 
simplification, justified by the simplicity implied in its application and generally acceptable agreement with the results 
handled by practical cases, is recommended by the ASTM E1921. Nevertheless, in an extensive experimental program 
Rathbun el al. (2006) found significant differences between those fixed parameter values adopted for m and Kmin and 
the values arising by free estimation of the three Weibull parameters.  
 
3. Approach and application to experimental data 
3.1. Experimental results 
In order to detach  the influence of the scale effect on the fracture toughness (KIC) with respect to that of the 
constraint, the above mentioned experimental study of Rathbun el al. (2006) is revisited, this time by applying the 
generalized local model proposed by the authors. The interest of this experimental program is that it comprises tests 
on a typical low alloy pressure vessel steel (A533B) for specimens of different size but homothetic self-similar 
standard geometry, particularly suitable to systematically study of size and constraint effects on fracture toughness in 
the brittle to-ductile transition region. Further, other non-homothetic specimen samples are also included providing 
more diversity to analyze separately the constraint loss from statistical size effects. 
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Figure 1. Representation of the experimental results obtained by Rathbun el al. (2006) for each sample 
 
Homothetic samples, e.i samples with self-similar standard geometry, have equal constraint level because the (W-
a)/B ratio is constant, irrespective of the specimen size. Since the same crack ratio, is maintained throughout each 
specimen sample, a/W0.5, this implies identical B/W ratio for the evaluation of those results. As a matter of fact, the 
same constraint conditions prevail by each of the samples so that the size effect can be analyzed unilaterally based 
only on statistical considerations. Accordingly, experimental results from the study of Rathbun el al. (2006) have been 
grouped in five distinct samples according to the constraint level acting on the specimens. Table 1 shows the number 
of test performed for each constraint level (B/W) and thickness.  Fig 1 shows the experimental results evaluated. As 
can be seen, the mean fracture toughness increase inversely proportional to the thickness, as could be expected by the 
statistical size effect.   

Normalized 
thickness (B/W) 
Thicknesses B [mm] 
8 15.9 31.8 63.5 125 254 Total 
1.25 8 8 8 7 - - 31 
2.5 - 8 8 8 8 - 32 
5 - - 8 7 8 6 29 
10 - - - - 8 8 16 
20 - - - - 8 8 16 
 
Table 1. Overview of the test program by Rathbun el al. (2006) including the number of specimens tested by each sample. 
 
3.2.   Approach  
The probability of failure associated to the test i is calculated using Eq. (2)  














 
 i
i
eq
fail
K
P exp1 ,    (2) 
where Keq is the equivalent stress intensity factor for the test i calculated according to the Equation:  
a b c 
d e  
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
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
1
ref
i
ieq B
B)K(K
i
    (3) 
This equation allows for consideration of the scale effect by transforming all the thicknesses, B, to a reference 
thickness, Bref, in principle arbitrarily chosen. Since the β and λ  parameters in Eq.(3) are unknown before the statistical 
fitting process is started, an iterative process is carried out (see Fig. 1 and Muniz-Calvente et al. (2016)) to ensure that 
the m and   parameters are in agreement with the values obtained in the statistical fitting process according to Eq. 
(2). Anyway, unlike the values 4 and 20Mpa, usually assigned to β and λ, respectively (see ASTM E1921), the 
statistical fitting process provide fairly different values for these parameters.  
 
The iterative process is applied to five samples as proposed in Table 1 (in the following denoted constraint samples) 
each of them characterized by the same homothetic relation in their geometric measurements what ensures identical 
constraint conditions. Accordingly, two constraint samples are only distinguished by the different constraint level 
when reduced statistically to the same reference specimen thickness B. This allows the corresponding primary cdfs to 
be derived for each constraint level. Once the primary cdfs are available, the statistical influence of the size effect may 
be determined for any specimen thickness Bi  using the following  Equation: 









1
)1log(
i
ref
faili B
B
PK     (3) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Experimental results and PFCDF for each constraint sample: (a)B=1.25W; (b) B=2.5W;  (c) B=5W;  (d) B=10W; (e) B=20W;   
(f) Comparison of PFCDF obtained for each constraint level.  
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4. Results and discussion 
Fig. 2 shows the probability failure cumulative distribution function (PFCDF) as evaluated for each sample related 
to a defined constraint level (B/W). As can be seen, random distributions arise apparently from the results for any 
constraint level irrespective of the different thicknesses, i.e. if the statistical size effect is discarded and all results from 
the same constraint level but different thicknesses are transformed to a reference size using Eq.(2) all results remain 
in the same range. Fig. 2 also shows a comparison between the PFCDF. If the TST effect was influenced only by the 
statistical effect, all PFCDF should be equal, because all of them are fitted for the same reference thickness. However, 
there is a clear difference between all of them, which proves that the selected critical parameter (KIC) to define the 
failure is unsuitable, because it depends on the relation B/W and cannot be consider a material property.   
 
The results evaluation proves that for the different constraint levels, the values obtained for the Weibull shape 
parameter approaches to 2 rather to 4. On its turn, the location parameter ranges between 24 and 45 instead of 
approaching to 20, this appearing to be a too conservative value for the A533B steel.  
 
The percentiles curves for 5, 50 and 95% probability of failure are determined by replacing the Weibull parameters 
in Eq. 3 for any of the constraint level under study. The failure prediction from Fig. 3 for the different specimen 
thickness is in agreement with the experimental results evaluated proving that each of the five homothetic samples is 
uniquely influenced by the probabilistic scale effect. On the other side, the results issuing from the free estimation (in 
red color) being applied to the three Weibull parameters are compared with those issuing for predetermined parameters 
m=4 and Kmin=20 MPa (in black color). A comparison between the cdfs related to the failure predictions as a function 
of K using this methodology and those outcoming from the predetermined parameters m=4 y Kmin=20Mpa proves to 
be conservative for large specimen thicknesses but not for thin ones. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Experimental results and 5, 50 and 95% probability of failure predicted using Eq.(3) for different constraint levels and comparison 
of all of them: (Red) prediction from free parameter estimation and (Black):  prediction assuming Kmin=20Mpa and m=4. 
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Figure 4. 5 , 50 and 95% KIC-B prediction of failure curves: (a) for B=10W constraint sample from B=2.5W PFCDF;  
(b) for B=2.5W constraint sample from B=10W PFCDF. 
 
Figure 4a shows the 5, 50 and 95% isoprobability of failure KIC-B curves predicted for a constraint level related 
to B=10W sample using the Weibull parameters obtained for  B=2.5W constraint sample. As can be seen, almost 90% 
of the experimental results are over the 50% of failure, so the prediction is too much conservative and useless. Fig. 4b 
shows the opposite way, the PFCDF obtained for B=10W constraint sample was used to predict the failure for B=2.5W 
experiments. Obviously, the prediction in this case is not conservative, because practically all data are under the curve 
related to 50% of failure. It proves that the homothetic samples are uniquely influenced by the probabilistic scale 
effect, because KIC-B curves predicted for each homothetic sample are in agree with experimental results obtained 
for the correspond B/W relation. Nevertheless, any change in the (W-a)/B ratio implies a change in the constraint 
level, which could not be take into account by  KIC or the scale effect, so the prediction of failure from a homothetic 
sample to another is impossible. The best way to overcome this limitation could be to change the generalized parameter 
in order to include the constraint effect or to use the generalized local model taking into account the true non-uniform 
distribution of the generalized parameter along the crack front rather than the constant uniform distribution throughout 
assumed in this paper. 
 
Note that the location parameter (λ) is independent of the specimen size and may be interpreted as the lower bound 
of the fracture toughness associated with any constraint state. 
5. Conclusions 
The principal conclusions of this research are the following: 
- Pooling data for assessment, according to a homothetic criterion, allows the size effect separately to be analyzed 
providing satisfactory results. 
 
- The size effect analysis evidences similar trends for any of the different constraint samples, in particular, in what 
concerns the location and shape Weibull parameters.  
 
- On the contrary, after detaching the size effect, the constraint influence exhibits contradictory or non-congruent 
trends. This can be assigned to the unsuitable choice of the stress intensity factor K as the reference parameter. Other 
options should be envisaged, as for instance a local model based on stresses. 
 
- Assigning m=4 and Keq= 20 MPa, as predetermined values to the shape and location Weibull parameters, 
respectively, as recommended by ASTM E1921, seems not be justified at least for this extensive experimental 
program. 
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to B=10W sample using the Weibull parameters obtained for  B=2.5W constraint sample. As can be seen, almost 90% 
of the experimental results are over the 50% of failure, so the prediction is too much conservative and useless. Fig. 4b 
shows the opposite way, the PFCDF obtained for B=10W constraint sample was used to predict the failure for B=2.5W 
experiments. Obviously, the prediction in this case is not conservative, because practically all data are under the curve 
related to 50% of failure. It proves that the homothetic samples are uniquely influenced by the probabilistic scale 
effect, because KIC-B curves predicted for each homothetic sample are in agree with experimental results obtained 
for the correspond B/W relation. Nevertheless, any change in the (W-a)/B ratio implies a change in the constraint 
level, which could not be take into account by  KIC or the scale effect, so the prediction of failure from a homothetic 
sample to another is impossible. The best way to overcome this limitation could be to change the generalized parameter 
in order to include the constraint effect or to use the generalized local model taking into account the true non-uniform 
distribution of the generalized parameter along the crack front rather than the constant uniform distribution throughout 
assumed in this paper. 
 
Note that the location parameter (λ) is independent of the specimen size and may be interpreted as the lower bound 
of the fracture toughness associated with any constraint state. 
5. Conclusions 
The principal conclusions of this research are the following: 
- Pooling data for assessment, according to a homothetic criterion, allows the size effect separately to be analyzed 
providing satisfactory results. 
 
- The size effect analysis evidences similar trends for any of the different constraint samples, in particular, in what 
concerns the location and shape Weibull parameters.  
 
- On the contrary, after detaching the size effect, the constraint influence exhibits contradictory or non-congruent 
trends. This can be assigned to the unsuitable choice of the stress intensity factor K as the reference parameter. Other 
options should be envisaged, as for instance a local model based on stresses. 
 
- Assigning m=4 and Keq= 20 MPa, as predetermined values to the shape and location Weibull parameters, 
respectively, as recommended by ASTM E1921, seems not be justified at least for this extensive experimental 
program. 
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- A consequent application of the generalized local model would request the true non-uniform distribution of K along 
the crack front rather than the constant uniform distribution of  K throughout assumed. 
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